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Abstract

In this paper, multi-storey buildings with narrow rectangular plane configuration (narrow buildings) are treated as
cantilever flexural-shear plates in analysis of free vibration. The governing differential equations for free vibration of
flexural-shear plates with variably distributed mass and stiffness are established and reduced to Bessel’s equations or
Euler’s equation by selecting suitable expressions, such as power functions and exponential functions, for the
distributions of stiffness and mass along the height of the plates. The general solutions of flexural-shear plates are
derived. Numerical examples demonstrate that the calculated natural frequencies and mode shapes of narrow
buildings are in good agreement with the experimentally measured data. It is also shown that it is possible to regard
a building with rigid floors as a cantilever flexural bar that is a special case of a cantilever flexural-shear plate. Thus,
the methods proposed in this paper are suitable for the calculation of free vibration of narrow buildings and
common shear-wall buildings. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The full-scale measurements of free vibration of buildings (e.g., Wang, 1978; Li et al., 1994; Jeary,
1997) have shown that the flexural deformation is dominant in the total deformation of multi-storey
buildings with shear-wall structures in their horizontal vibrations. Li et al. (1996) suggested that for
certain cases these shear-wall buildings can be simplified as cantilever flexural bars for the analysis of
their free vibrations. An approach to determine the natural frequencies and mode shapes of cantilever
flexural bars with variably distributed mass and stiffness was proposed by Li (1995). However, if a
building has a narrow rectangular plane configuration, B/L < 1/4, where B and L are the width and
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length of the rectangular plane, respectively, the stiffness of each floor of the building cannot be treated
as infinitely rigid. Then, this building may not be simplified as a cantilever bar for free vibration
analysis. It is reasonable to consider such a building as a cantilever plate. The field measurements
conducted by Ishizaki and Katakeyana (1960), Wang (1978), Li et al. (1994) and Jeary (1997) revealed
that for multi-storey buildings with a narrow rectangular plane configuration (narrow building), shear
deformation is dominant in the total deformation in their horizontal vibrations for certain cases. They
reported that not only the parallel motions between floors occurred, but also the relative motions
between parallel frames were observed. Thus, when analysing free vibration of narrow buildings, it is
possible to regard such structures as cantilever shear plates with variably distributed mass and stiffness
(Wang, 1978). However, a narrow building with shear-wall structures may not be simplified as a
cantilever shear plate. This is due to the fact that it has been found (e.g., Li et al., 1994; Jeary, 1997)
that the flexural deformation of shear-walls is dominant in the total deformation in the horizontal
vibrations of such a narrow building. Hence, it is more resonable to treat a narrow building with shear-
wall structures as a cantilever flexural-shear plate with variably distributed mass and stiffness.

In fact, there are very few equations of vibrating plates with variable cross-section where exact
solutions can be obtained. These exact plate solutions are available only for certain plate shapes and
boundary conditions (e.g., Timoshenko and Woinowsky-Krieger, 1959). Chopra (1974) developed an
analytical approach for the free vibration of a simply supported plate with one change in thickness. Guo
et al. (1997) recently found the analytical solutions for the free vibration of a stepped, simply supported
plate with uniform thickness and abrupt thickness changes. Wang (1978) derived the closed form
solutions for the free vibration of cantilever shear plates with uniformly distributed mass and stiffness.
However, it is obvious that the distributions of mass and shear stiffness of most narrow buildings are
actually not uniform, especially, along the building height. In general, the variation of mass and stiffness
along the longitudinal axis of a narrow building (the x-axis in Fig. la) can be neglected. Thus, it is
reasonably assumed that the narrow buildings considered in this paper have uniformly distributed mass
and stiffness along the longitudinal axis, but variably distributed mass and stiffness along the height of
the narrow buildings. Free vibration analysis of a cantilever flexural-shear plate with variably distributed

...............................................

Fig. la. A one-step flexural-shear plate.
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Fig. 1b. An element of the plate.

mass and stiffness has received relatively little attention in the past. The exact solution of this problem
has not previously been proposed in the literature. In this paper, the distributions of mass and stiffness
along the height of the plates are described by selecting suitable functions, such as power functions and
exponential functions. The exact solutions of flexural-shear plates with variably distributed mass and
stiffness are derived. The numerical examples show that the calculated dynamic characteristics of two
tall buildings are in good agreement with the measured field data. It is shown through the numerical
examples that the selected expressions are suitable for describing the distributions of mass and stiffness
of typical multi-storey buildings.

In this paper, an attempt is made to present exact analytical solutions to free vibrations of cantilever
flexural-shear plates with variably distributed mass and stiffness. In the absence of exact solutions, this
problem can be solved using approximated methods (e.g., the Ritz method) or numerical methods (e.g.,
the finite element method and the finite strip method). However, the present exact solutions can provide
adequate insight into the physics of the problem and can be easily implemented. The availability of the
exact solutions will help in examining the accuracy of the approximate or numerical solutions.
Therefore, it is always desirable to obtain the exact solutions to such problems.

2. The governing differential equation

A narrow building is simplified as a cantilever flexural-shear plate as shown in Fig. la. Its
deformation in the lateral direction is flexural, but the deformation in the longitudinal direction (the x-
axis in Fig. la) is shear. It is assumed that this plate is subjected to a transversal dynamic load,
q(x, y,t). In order to establish the governing differential equation of vibration of this plate, an
infinitesimal element of the plate is taken, as shown in Fig. 1b. The size of the element is dx x dy. The
dynamic loading acting on the element is ¢(x, y, f) dx dy. The inertial force is [—n'dxy(azw/filz) dx dy],
where w is the dynamic displacement of the plate in the z-axis at the point (x, y). The damping force is
[-Cyy(0w/0¢) dx dy]. Fig. 1b shows the element that is rotated through an angle of 90°. Considering the
equilibrium conditions for all the forces acting on the element (Fig. 1b), using d’ Alembert’s principle,
leads to:
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in which m,, and C,, are the mass intensity (mass per unit area) and viscous damping coefficient at the
point (x, y), respectively.
Because the deformation in the x-axis is shear and that in the y-axis is flexural, we have,

0, = _ 2 (K@) 0. = k2 3)

ay  ap\ Vo2 Y ox

where K, and K, are the transverse shear stiffness in the x-axis and transverse flexural stiffness in the y-
axis, respectively. M, is the bending moment about the x-axis.
Substituting eqn (3) into eqn (2) leads to

9 w 92 3w w 3w
A (At I ) IR L ¢ 4
8y< "ax) 8y2< ! 8y2> W T MR g0+ 3: 1) “

This is the governing differential equation for vibration of a flexural-shear plate with variably
distributed mass and stiffness along the height of the plate. Setting ¢(x, y, f) = 0 gives the governing
differential equation for free vibration of the flexural-shear plate as follows

0 aw a2 a%w aw 3%w

—\K— )| - —=|K— | - Cyy— —tiyy—5 =0 5

8y< lax) ay2< ) ay2> W T Mg ®)
In general, the damping force is not considered for free vibration analysis, so,

a aw 92 0%w 9%w

k.= )-—K— )| —-my— =0 6

8y< x8x> ay2< ) ay2> Mogp ©

In order to determine natural frequencies and mode shapes, it is assumed that
w(x, y, t) = Z(x, y) sin (ot + 7)) (7

where Z(x, y) is the vibration mode function, w is the circular natural frequency, y, is the initial phase.
Substituting eqn (7) into eqn (6) gives

o (. o0z\ o*(_ az\ _ ,
5(1@5) - a_ﬁ(K}'a—yz) @ Z =0 ®)

In order to simplify the calculation and get the analytical solutions, it is assumed that K, is a function
of y, K, and m,, are also functions of y.



Q.S. Li | International Journal of Solids and Structures 37 (2000) 1339-1360 1343
Ky = Kif(p), Ki=Kop(y), nixy=mey) ©)

L.e., it is assumed that K, is directly proportional to i, since the values of K, and m,, are mainly
dependent on the size and materials of building floors. In fact, the mass and stiffness distribution of
each floor is usually approximately uniform along the x-axis, thus, this assumption is reasonable for
most narrow buildings.

Using the method of separation of variables gives

Z(x, )= X(x)Y(») (10)
Substituting eqns (9) and (10) into eqn (8) leads to
2 2
&y Ll P
dy? |: ) dy?

dx? | - 2
K +mon® = an
X Yq)(y)

The left-hand-side of the above equation is a function of y and the right-hand-side is a function of x.
Thus, both sides should be equal to a constant. It is assumed that the constant is m6® then, two
ordinary differential equations are obtained from eqn (11) as follows

2
Kzﬂjunmzxzo (12)
dx?
d? ’y 5
— | Kif)— | —m Y = 1
dy2|: Lf()’)dyz:| me(y)0 0 (13)

where

P =0’—0 o=V +6¢ (14)

The boundary conditions of the cantilever flexural-shear plate (Fig. 1a) are as

dx
x=0, 0,=0, ie, —| =0 (15)
dx =0
dx
x=L -—| =0 (16)
dX x=L
dY
y=0, Y(0), —| =0 (17)
dy |,
=H, M,H) =0, 0,(H) =0, ie &y —o, 4 Ksz =0 (18)
y_ s y — Yy y — Y ey dyz x:H_ > dy V dy2 -

x=H

It is obvious that eqns (12) and (13) are the governing differential equations of vibration mode shape of
a shear bar and a flexural bar, respectively. The boundary conditions of the shear bar are described by
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eqns (15) and (16). The boundary conditions of the flexural bar are represented by eqns (17) and (18).
The natural frequency of the plate is equal to the square root of the square sum of the two natural
frequencies of the two bars. The mode shape of the plate is the product of the corresponding two mode
shapes of the two bars.

3. The general solutions of free vibration of flexural-shear plates

As discussed above, free vibration analysis can be carried out by analysing two independent bars, i.e.,
by solving the two independent ordinary differential equations, eqns (12) and (13).
The general solution of eqn (12) is found as

Q Q
X(x) = Dy sin—x + Dy cos—x (19)
o %)

where

oy = \/7;7; (20)

Using the boundary conditions, eqns (15) and (16), gives
D=0 (1)

Q
sin—L =0 (22)
o2

The k-th circular natural frequency and mode shape of the shear bar in the x-axis are as follows

(k— Dnx

Xi(x) = D, cos 7

(24)
D, can be taken as any value, for example, D, = 1.

It is difficult to find the exact solution of eqn (13) for general cases, because the structural parameters
in the equation vary with co-ordinate y. It is obvious that the exact solution is dependent on the
distributions of mass and stiffness. The exact solution of eqn (13) may be obtained by means of
reasonable selections for the mass and stiffness distributions. As suggested by Wang (1978), Tuma and
Cheng, 1983 and Li et al. (1994, 1996, 1998), the functions that can be used to approximate the
variation of mass and stiffness are algebraic polynomials, exponential functions, trigonometric series, or
their combinations. In this paper, four important cases are considered and discussed as follows.

Case 1:
Ki(y) = K1 = constant 1, = m = constant (25)

It is obvious that Case 1 represents a uniform flexural-shear plate.
Substituting eqn (25) into eqn (13) gives
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The general solution of eqn (26) is found as,

= Clek_y + Cze_k_y + C3 sin lgy + C4 cos lgy

= Ki(1 + pyy™*?

n_/lxy = I’I_/l(l + ﬁy)n

eqn (13) can be rewritten as

— 1, 0?Y =0

Substituting eqns (29) and (30) into eqn (31) gives

+2ﬁ(n+2)(1 +/>'y) +ﬁ n+2)n+ 1) — Kﬂ]ezyzo

A differential operator, A, is introduced herein

[( +ﬁ )n-'rl ]

Then, eqn (32) can be written as

(++2

A——)Y 0
o]

i.e., eqn (34) can be divided into two differential equations

<A+2>Y=o
o

1345

(26)

27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

35)

(36)

(37)
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Substituting eqn (33) into eqn (36) gives

Y  Pmn+1)dYy 1 o
— + — + —Y=0 38
dy? 1+8y dy 14y (38)
Setting
Y = <5>n\11 (39)
A
&= 21+ py)'”? (40)
4
2= —92 (41)
i f
and substituting eqns (39)—(41) into eqn (38) gives
*Y  1d¥Y n?
— o —+|1-5|¥=0 42
@ Tra ( 8) “

This is Bessel’s equation of n-order. Its general solution can be expressed as

P(&) = CiJu(&) + C2Yu(©) (43)
Substituting eqn (43) into eqn (39) gives

Y(r) = (1+ By)"[CJu(&) + C2Y,(&)] (44)
Similarly, the general solution of eqn (37) is given by

Y) = (1+ By) " [C1n(E) + C2Ku(©)] (45)
The sum of eqns (44) and (495) is the general solution of mode shape in the y-axis.

Y) = (1+ Br) "2[CLE) + C2 X&) + C31u(&) + CaKa(©)] (46)

where J,, Y, I, K, are Bessel functions of the first, second, third and fourth kind, respectively.
In order to simplify the calculation, four fundamental functions are introduced herein to express Y(y)
as

Y(y) =AY o)+ A> Yz(y) + A3 Y3(y) + Ay Y4(y) 47)
The four fundamental functions meet the following conditions:

3 0 (48)

when y=0, Y, =1,

e S | (49)
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ay-
Ys—0, S50 (50)
dy
ay.
Ys =0, 2400 (51)
dy

It should be pointed out that the higher derivative of Y3(y) is different from that of Y4(y). The
procedure of determining the four fundamental functions is as follows:

1. The fundamental functions are expressed in the linear combination of the four special solutions as
follows

é —n
<z Jn(é)
Y; ayy app  aiz A <§> Y, (&)
o | _|an an an ay A (52)
Y; asy a4z dzx axy E\"
Y4 dqr  day  dA43  dgg z In(f)

g —n
i <I> Kn(é) i

2. Determining the constants a;; (i, j = 1, 2, 3, 4) and the fundamental functions.

The constants a; (i, j =1, 2, 3,4) and the fundamental functions can be determined based on the
following equations:

&\ &\
N . [Zi;]= 2 (53)
%[(%) Jn(@} %[G) n(f)} 0
B é, —n é —n
() no  (§) xeo N
/ey A aﬂ= 2 (54)
0
4T(6) o] 2[(6) we)
B é —n é —n
df(e)” dfe)” Zzl}: . 6
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(56)

(57)

(58)

(59)

(60)

Solving eqns (53)—(60) obtains a; (i, j =1, 2, 3, 4), then, substituting a; into eqn (52) gives the four
fundamental functions as follows

Y,

-5(0)
RV

- n+l(/l)-]n(é) + Yn(é)l]n-‘rl(;{) + %[Kn-&-l(;v)ln(é) + Kn(é)ln-‘rl(;{)] }
- Yn(/L)Jn(é) + Yn(é)Jn()v) + %[Kn(l)ln(é) - Kn(é)ln(})]}

~ D) + V) ~ 2RO ~ K]

(61)

(62)

(63)
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Yy = n% <§) { - n+l(/1)Jn(5) + Yn(é)']nﬂ—l(i) - %[Kn-s—l()v)]n(é) + Kn(é)lnﬂ—l(i)]}

Case 3:

K (y) = Ki(1 + py)"+*

ﬁlxy = 7;1(1 + ﬁy)n
Substituting eqns (65) and (66) into eqn (31) gives

LYY

dK, d*Y Y
3 )
el +2(n+4)¢

dz
dy d—y3 +(n+4)(n+3)62d—62 —6031:0

where

2
4 w
le‘i‘ﬁy, wdzz—

0‘154
eqn (67) is Euler’s equation.
Letting
¢ =exp(n)

Substituting eqn (69) into eqn (67) gives
[D(D— 1D —2)(D—-3)+2(n+4)DD - 1)D-2)+n+4)n+3)DD-1)—0i]Y=0

where

D=—
dn

eqn (70) can be simplified to
[D* +2014 1)D* + (B +n—1)D* = (n+ 1)(n+2)D — 04]Y = 0
Now we identify D'Y = ' and then eqn (72) can be expressed as
P2+ DR+ (n2+n— l)r2 —(n+ 1)(n+2)r—wfj:0

The above equation can be rewritten as

2 2
2 2
|:r2+(n+1)r+%] —cof,—l—(n; ) =0

Solving this equation for r gives

2
1 2
na=—5 n+1ijn2+3— <n+ >+wfl

2
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(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)
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2
1 2

It is easily found that r; and r, are real roots. If r; and r4 are also real roots, then the general solution
of eqn (31) is given by

Y = Cyexp (r1n) + Ca exp (ran) + Cs exp (r31) + Cy exp (141) (77)

If r; and r4 are complex numbers, then

+1 .

Y = Cyexp (r1n) + Cy exp (r2n) + exp ( — 74211)(C3 cos & + Cy sin n) (78)

in which
n+2 :

&= ( 5 >+wf{—n2+3 (79)
Case 4:

Ki(y) = Ky exp(— By) (80)

My = m exp( — By) (81)

Substituting eqns (80) and (81) into eqn (31) leads to a differential equation with constant coefficients as
follows
a‘y &y ,d*Y

W—ZKlb—+K1b — — MY =0 (82)

K
! dy3 dy?

We identify (d*Y/dy?) = 13, (d*Y/dy?) = 2, (dY/dy) = r and then eqn (82) can be expressed as

rr—b) + o?llrr — b) —w?] = (83)
where
wi= (34)
1

The roots of eqn (83) are found as

b b

ra=g ol (83
b b

34 = 5 + s +w? (86)

It is obvious that r;, are real roots and r3 4 are complex roots if w2 > (b*/4). Thus, the general solution
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of eqn (31) can be expressed as

b b b b
Y:exp<2y>|:C1 exp( 4+w§y)+Czexp(— 4—a)§y)+C3sin( w§+4y)
bz
+ Cycos| — wf—Zy

The general solutions of the above four cases can be expressed in a unified formula in terms of the four
special solutions as follows

(87)

Y(n) = i)+ W)+ GWs(y) + CaWa(y) (88)

in which Wi(y) (j =1, 2, 3, 4) can be found from eqn (28) for Case 1, from eqns (61)—(64) for Case 2,
from eqn (77) or eqn (78) for Case 3, from eqn (87) for Case 4, respectively. C; (j =1, 2, 3, 4) are
constants, which can be determined according to the boundary conditions.

The natural frequencies and mode shapes of cantilever flexural-shear plate can be found in terms of
the following procedures:

1. The relationship of parameters at the top and those at the base can be expressed as

T
|:Y(H) %ym 0 0} =[70 0 M, (0) Q0] (89)
in which
(7] = [W(ED|[W(0)]~! (90)
(W] =
i W) W) Ws() Wa) |
@) dmae) dWs0) dWa@)
dy dy dy dy
W) EWa) & W) & Wa(y)
K}’ dyz Ky dyz Ky dy2 KJ" dy2
d| &) d| &) d|  dwip) d| W)
‘@[’9 » | oV | TolMe | ot e

O1)

2. Determination of frequency equation

Using eqn (89) obtains
T3 Tss |[ M, 0)]
|: Ty Tuy i| |: Qy}(o) ] =0 (92)

in which Tj; is the element of [T].



1352 Q.S. Li | International Journal of Solids and Structures 37 (2000) 1339-1360
Because M, (0) # 0, Q,(0) # 0, the frequency equation is
T33T44 — T3aT43 =0 (93)
Solving eqn (93) obtains 0j (j = 1, 2,...) The jk-th circular natural frequency can be determined from
eqn (14).
3. Determination of mode shapes

Substituting 6; into eqn (92) and setting Q,,(0) = 1 (or any value) obtain M,;(0).

4. Determination of the integral constants C; (i=1, 2, 3, 4)

Cy 0
gij = [wo)]™ M:,)-(O) )
¢ 0,(0)

Substituting the calculated Cj into eqn (88) gives the j-th mode shape in the y-axis, Y;(y). The jk-th
mode shape can be determined by using eqn (10).

4. Numerical example 1

A residence building that is located in Beijing, China, has 15 storeys with shear-wall structures as
shown in Fig. 3. The distribution of shear-wall along the longitudinal direction of the building is
uniform and the cross-sectional dimensions of the shear-walls are the same. The foundation of the
building can be treated as firm. Thus, the building is simplified as a uniform cantilever flexural-shear
plate for free vibration analysis. The procedure for determining the natural frequencies and mode shape
of the building is as follows:

1. Determination of mass intensity per unit area of the flexural-shear plate

\ A PR A

Fig. 2. A multi-step flexural-shear plate.
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(a) Perspective drawing

12m
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(b) Plane

Fig. 3. A narrow building.
The mass distribution is uniform and its intensity per unit area is found as follows

ﬁ . 7,413,120 kg
HL — 46.80 m x 72.00 m

m= = 2200 kg/m?
where M, H and L are the total mass, the height and the length of the building, respectively (see Fig. 3).

2. Determination of the flexural stiffness, K,

The total moment of inertia of shear-walls is
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I=1.15x%10* m*
The Young’s modulus is
E =2.55x 10" N/m?
The total flexural stiffness of shear-walls is
E[=293x 10" N.m?

The flexural stiffness, K, of the plate is the value of EI divided by the length of the plate (i.e., the
length of the building),

_EI 293x 10"

K| = =4.07 x 10'° N -
't 72 x m

3. Determination of the shear stiffness, K>, in the x-axis

The shear stiffness, K5, in the x-axis is the stiffness of each floor, GF, divided by the storey height,
which is found as

K> =11.43 x 10* N/m

4. Determination of natural frequencies and mode shapes

The k-th circular natural frequency can be found from eqn (23) as

_ kX Dm JKs sy s 1)
L m

Qy
Letting k£ = 1, 2, 3, obtains Q; = 0, Q; = 31.45, Q3 = 62.90.
0; can be determined from the eigenvalue equation, eqn (93), which is given by

chkH - coskH+1=0
It is found that 6; = 6.90, 0, = 43.27, 63 = 120.97

The circular natural frequencies, wj, can be determined from eqn (14) and the calculated values of
. are listed in Table 1. It is necessary to point out that wj is corresponding to the j-th mode shape in
the y-axis and the k-th mode shape in the x-axis.

It is obvious that 0; = wy if K, is infinity, i.e., the stiffness of each floor can be treated as infinitely
rigid in-plane of the floor. In this case, the vibration modes corresponding to Q; (kK > 2) may not appear
in the vibration of this building. Thus, these types of buildings can be simplified as a flexural bar for
vibration analysis.

The mode shapes, Y; () (j =1, 2, 3) in the y-axis and Xj(x), (k =1, 2, 3) in the x-axis are calculated

Table 1
The circular natural frequencies of the narrow building

1] 12 2] w13 @22 @23 3] w32 @®33

6.90 32.20 43.27 53.49 63.28 76.05 120.97 124.99 136.35
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1 , 1 ; 1
0.9 - A 0.9F----1 . 0.9
0.8f---- e 0.8F---- e 0.8
Lk l
0.7}F---- R 0.7r--/ e 07
0.6F---- fr 0.6--/- e 0.6
Tosl_ .. ] T ] T
$05 ‘ $05 | S 05
0.4p - 0.4p{- -4 - 0.4
0.3}/ S—_— 0.3F-\--- S 0.3
x ! i
0.21f-—-a-am 0.2F--1 PE— 0.2
* !
0.1} g1 0.1f---- 2 0.1
0 )
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Fig. 4. The first three mode shapes in the y-direction. Note: the solid lines represent the calculated mode shapes and the cross sym-
bols are the measured results by Li et al. (1994).

and shown in Figs. 4 and 5, respectively. The mode shape, Y;(y) experimentally measured from an
ambient vibration survey by Li et al. (1994) are also presented in Fig. 4 for comparison purposes. The
measured value of wy; is 6.97. It is clear that the calculated results are in good agreement with the
experimental data. This illustrates that the proposed methods in this paper are applicable to engineering
application.

The mode shape function, Z;(x, y), of this building can be found as

Zjk(x, y) = Y;(0)Xi(x)

Fig. 6 shows the obtained mode shapes, Z;(x, y), Z»n(x, ¥), Z33(x, ).

5. Numerical example 2

The main structure of the Guangzhou Hotel Building is a R. C. shear-wall structure with 24 stories.
There is a three-storey appendage that is built on the top of the main structure. Based on the full-scale
measurement of free vibration of this building (Li et al., 1996), the building can be treated as a
cantilever flexural-shear plate with variable cross-section in free vibration analysis and the effect of
rotatory inertia and transverse shear deformation can be neglected. The procedure for determining the
dynamic characteristics of this tall building is as follows:
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Fig. 5. The first three mode shapes in the x-direction.

1. Determination of the mass per unit area of the plate (Fig. 7)

The mass per unit area of the flexural-shear plate, which represents the Guangzhou Hotel Building, varies
in echelon along the building height (Fig. 7). It can be seen in Fig. 7 that the variation of the mass per unit
area is comparatively small, thus, it is reasonable to assume 77 as a constant, i.e. m = 3761 kg/m®.

2. Evaluation of the flexural stiffness, K;(y) and the shear stiffness, K.

The flexural stiffness, K;(y), varies in echelon along the height of the building (Fig. 8). For simplification,
the distributions of flexural stiffness, K;(y), is described by a power function of y as follows

Ki(y) = Ki(1 + fy)? (95)
According to the following information of this building provided by Li et al. (1994):

at y =0, Kj(y)=5.50x 10" N-m
at y=H, K;(y)=2.80x10" N.m

The constants K; and f are determined as
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Fig. 8. Stiffness (K;(y)) distribution of the Guangzhou Hotel Building. Note: the dotted lines and values in parentheses are the eval-
uated distributions.

K; =5.50 x 10" N-m
f= —3.79 x 10~*
The evaluated distribution of stiffness [by eqn (95)] is shown in Fig. 8 (dotted line and the values in

parentheses).
The shear stiffness in the x-axis, K5 is found as

F
K, = GT =2.135 x 10°

where GF is the shear stiffness of floor and /4 is the storey height.
3. Evaluation of the fundamental natural frequency

As mentioned above, the frequency equation is eqn (93). But, it is more convenient to establish the
frequency equation by use of eqn (47). Because the fundamental functions Y;(y) (i =1, 2, 3, 4) meet eqns
(48)—(51), it is easy to determine the integral constants A4; (i =1, 2, 3, 4). According to the boundary
conditions, eqn (17) and using eqn (47) (n = 0, for this case), we have

aty =0, Y(0)=0; gives 4, =0

dy

ty=0, —
aty &

=0, gives 4, =0

Then, using the boundary condition, eqn (18), obtains the frequency equations as follows

YI(H)Y ) (H) =Y [(H)Y ' (H) (96)
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Table 2
The fundamental mode shape of the building in the y-axis

Storey level 1 2 5 8 11 14 17 20 24
y/H 0 0.0704 0.2007 0.3230 0.4454 0.5678 0.6976 0.8125 1
Y\(y/H) measured 0 0.005 0.070 0.160 0.290 0.390 0.540 0.730 1
Y (y/H) calculated 0 0.0068 0.0527 0.1414 0.2644 0.4049 0.5599 0.7336 1
where
Y{(H) =B {JO(Z)YZ(U-_I) — YoWL0UH) + g[IO(A)KQ(,{H) — KoM LGH)] } (97)
Y
_ _ 2 _ _
Y{'(H) = BZ{JO(A)Y3(,1H) — YoWJRGH) + Z[ 1)K GH) — Ko(l)lg(/lH)]} (98)
s
- - 2 _ -
Y J(H) = B; {Jl W Y,GH) — Y,(G)J,0H) + E[ll (WKGH) — Ki(G)LGH))] } (99)
_ _ 2 _ _
Y[(H) = 15'4{.11 W YsQH) — Y, ()L0H) + Z[1)KGH) — K, (/1)13(/1H)]} (100)
T
2 3p2
Bl _ TC/’{ ﬁH72 B2 _ TC)L @ 1:172
8 16H
3B - o A ) (101)
By = H  By=——H
T 6 Y7
H=(1+pH)"?

It can be assumed that B; = B, = B; = B4 = 1 for solving the frequency equation. It is found that 0; =
6.85 rad/s.

Q. can be determined from eqn (23). Q, is found as: Q; = 0.

From eqn (14), it is obvious that w; = 0; = 6.858 rad/s. The measured value of w; by Li et al.
(1996) is 6.478 rad/s. The computed fundamental natural frequency of this building approaches the
measured data, suggesting that the methods proposed herein are applicable to engineering application
and practice.

4. Calculation of vibration mode shape

After computing 0, the first mode shape in the y-axis, Yi(y), can be determined by
Y(y) = A3Y;+ Ay Yy (102)

If we set 43 = 1, then
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Vi)
Y{(H)

Ay = (103)
The calculated results are listed in Table 2. The corresponding measured data by Li et al. (1996) are
also presented in Table 2 for the purposes of comparison. It can be seen from Table 2 that the
calculated fundamental mode shape in the y-axis show good agreement with the measured mode shape.
The first mode shape in the x-axis, X;(x), can be determined by use of eqn (24) as: Xj(x) = C. C can
be taken as any value, for example, C = 1.
Using the aforementioned procedure, the higher natural frequencies and corresponding mode shapes
of this tall building can also be determined.

6. Conclusions

In fact, there are very few equations of vibrating plates with varying cross-section where exact
solutions can be obtained. In this paper, an efficient approach to determine the natural frequencies and
mode shapes of cantilever flexural-shear plates with variably distributed mass and stiffness has been
proposed. The exact solutions for free vibration of cantilever flexural-shear plates are derived by
selecting suitable expressions, such as power functions and exponential functions, for the distributions of
stiffness and mass along the height of the plates.

The numerical examples demonstrate that the calculated natural frequencies and mode shapes of two
narrow buildings are in good agreement with the corresponding full-scale measurements. It is shown
through the numerical examples that the selected expressions are suitable for describing the distributions
of mass and stiffness of typical multi-storey buildings. It was found that if the stiffness of each floor of a
narrow building can be treated as infinitely rigid, then, the mode shapes of a flexural-shear plate which
represents the narrow building are the same as those of a flexural bar which is a special case of a
flexural-shear plate. Thus, the methods proposed in this paper are suitable for the calculation of free
vibration of narrow buildings and common shear-wall buildings.
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